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For 4)~ [w let I,. := {x+ iy : - 1 <x < 1). It was proved by R. J. Duffm and 
A. C. Schaeffer that if p(x) := xt=0 a,x’ is a polynomial of degree at most n with 
real coefticients uch that Ip(cos(vn/n))l < 1 for v =O, 1, . . . . n and T, is the n th 
Chebyshev polynomial of the first kind then max,.,,, Ip’Yz)l < I Tkk’( 1 + iy)l 
for k = 1, 2, . . . To this we add that if T,+~(z) := (1 - ?) T,(z) then 
max,,,, Il(dk/dzk)((l -z2)pizf)l < k!Fjkj2 (I + @)I for k = 3,4, . . The result can be 
looked upon as an inequality for polynomials with a parabolic majorant, analogous 
to that of Dullin and Schaeffer. ,cj 1992 Academic Press, Inc. 
1. INTRODUCTION 
Let us denote by 11 . 11 the maximum norm on [ - 1, + l] and by .?5$ the 
set of all polynomials of degree at most n. For p belonging to 9” and 
vanishing at - 1, + 1 let 
IIpIl* := sup *; 
IP( 
-l<x<l~l-x 
IIPIIW := ~ 
-,y:<, 1 -x2’ 
Further, let T,(x) := cos(n arc cos x) be the nth Chebyshev polynomial of 
the first kind and U,(x) := sin((m + 1) arc cos x)/sin(arc cos x) the mth 
Chebyshev polynomial of the second kind. We also need to introduce the 
polynomials 
u,(x) := (1 -x2) UIZPZ(X), T,(X) := (1 -x2) T,_,(x). 
Let p E PH. According to a classical result of W. A. Markoff [2] 
Ilp)ll d p(l) for all kE N if llpll < 1. (1) 
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It is also known [6, 31 that 
lIp(k’ll 6 I@( 1 )I k E N n for all if //.Bll* d I; 
/I D’k’ll < IT(” (1 )I 1 ’ ,1 for k = 2, 3, . . if liplie* d 1. 
As regards the missing case k = 1, when lIpll** < H we have [S] 
IIP’II G I~:,(~~1 if n = 4, 
I!P’ll G /aOH fGr 5& ?‘2 5? 
whereas for even n 
Here it may be added that Izk(x/‘2(n-2))i =rz-2--~‘,&n+ G(n-‘1 as 
n+ X’. 
A remarkable generalization of (.I j was found by Duffin and Schaeffer 
who proved (see Cl, Theorem II] or [S, pp. 130-1383 1: 
THEOREM A. Let p E 8,. If p(x) is real-for red x and if 
then “for k E N 
lp’“‘(-t++~)J~/T~‘(l+i!,)l, -lb.u<l, -,X<<-CZ. (5) 
The corresponding extension of (2j which was obtained in [7] reads as 
follows: 
THEOREM B. Let 
to := 1, (, := - 1, and 5, := cos 
( 
2v- 1 x\ 
x- s)> 
If p E 9, such that 
Ip(4,)l d (I- t;lt,= 
then 
i’ = 1. .,.) n - 1. (6j 
3 n, i7) 
Ilpll d Ilu’k’(l)l n fear k = 2, 3, ~.. i8i 
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whereas 
Ilp’ll <(n-l) ( 
2 
-log(n-1)+3 . 
7-l > 
(9) 
Further, ifp(x) is real for real x then 
Ip’k’(x + iy)I < Iuj;‘(l + &)I for (x, JJ)E [ - 1, l] x R and k=2, 3 . . . . 
(8’) 
In (8), (8’) equality holds if and only if p(x)=yu,(x) where (17) = 1. 
Besides, the number 2/7c appearing on the right hand side of (9) cannot be 
replaced by any smaller number not depending on n. 
Here we prove 
THEOREM 1. For given n > 3, let 
1,=&,. :=cos 
( ) 
5 ) v = 0, 1, . . . . n - 2. 
/
Zf p(x) := (1 - x2) q(x) is a polynomial of degree at most n such that 
lq(A,)( 61 for v=O, 1, . . . . n-2 (11) 
IIP9 6 bW)l for k= 3, 4, . . . . (12) 
Further, if p(x) is real for real x, then 
Ipck’(x + iy)l < IT~‘( 1 + iy)l for (x,y)~[-l,l]xRandk=3,4 . . . . 
(12’) 
2. AUXILIARY RESULTS 
We prove Theorem 1 by an argument analogous to that of Duffin and 
Schaeffer [ 11. However, certain details become considerably harder and 
some new properties of T,, need to be proved. The first two lemmas are 
taken from [ 11. 
LEMMA 1 [l, Lemma 11. If 
P(z)=c fi (z-xx,) 
P = 1 
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is a polynomial of degree n with n distinct real zeros arzd $p is a polwomiai 
of degree at most n such that 
I P’(%)l d I P’(x, )I (11 = 1, . ..) ‘Z), 
then ,for k = 1, .‘., n 
Ip’yx)l < IP’“‘(.u)l 
at the roots of P’” ~ “(x) = 0. 
LEMMA 2 [Il, Theorem I]. Let P be a polyriomia: C$ degree I: with rz 
distinct real zeros to the left of the point 1 and suppose that 
IP!:x+iy)<IP(l+iy)l for (.x,~~fE[--1. I]xR. 
bsp is a polynomial of degree at most n with real coqfcficierzis uch that 
IpW d I PW whenecer P(.u j = 0, 
then f6r k = 1, 2, . . . . n 
Ip+‘(x + iy)l 6 / Ptk)( 1 + iy)i fOi (X, j')E [ - 1, 11 X W. 
The next result is needed to prove a new property of r, contained in 
Lemma 4. 
LEMMA 3. if p is a polynomial of degree m hatling all its zeros iit 
Im z > 0, then for 5 2 0 
has all its zero3 in Im z > 0. 
ProoJ. Let z p :=x,, + iyp (p = 1, . . . . m) be the zeros of p. Further, let 
Z=X+ij’, XER, J!ER. Then for y<O 
if 520 and z--it+0 then for y~o 
Im ‘-p 
i 
m2+2 
1 
m2f2 y-5 
3(2-Z) =3 lz-i5,2~o. 
Hence if 5 2 0, then - (m’ + 2)/3(z - ii) #p’(z)/p(z) for Im -7 d 0 provided 
z - it # 0, i.e., (m’ + 2) p(z) + 3(2 - 2) p’(z) # 0 for Im -? d 0 and all 5 >, I 
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except possibly when z-it = 0. But if z-i<=0 then (wz’+~)P(z)+ 
3(2- it)p’(z) reduces to (m2+2jp(z), which is #O for Im 260, by 
hypothesis. 
LEMMA 4. The polynomial T, + 2(z) := (1 - z’) T,,,(z) satisfies 
lTL2+*(x+iYjl d ITk+2(1 +@)I for (X,Jl)E c-1, l] x [w. 
ProoJ First we note that 
T ~+2(z)= (1 -z’j T~~(z)-4zT:,(z)-2T,,(z) 
= zT;(r) -r&T,(z) - 4zTn,(z) - 2T,,(z) 
= -3zTm(z) - (m’+ 2) T,(z). 
Now let 5 E [O, 11. Then for x E [i, cc ), 
IT,,,(x+iy)l <IT,(l+x--t+iy)J. 
Hence 
R,(z) := ET,(Z) + T,( 1 - 5 + z) 
does not vanish in the half-plane (ZE C: Re z > t} whenever /a( < 1. 
Applying Lemma 3 to the polynomial R,(iz + t) we conclude that 
(m* + 2) R,(iz + l) + 3(iz + 0 Rh(iz + t) does not vanish for Im z d 0, i.e., 
cx{ (nz’ + 2) T,,(z) + 3zT;,(z)} 
+ (m2 + 2) T,,( 1 - 5 + Z) + 32TM( 1 - < + i) # 0 
for Re z 2 < and lcll < 1. Setting z = 4 + iy this implies 
K+2 (5 + @)I = I(m’+ 2) T,(t + iy) + 3(5 + iy) Tm(< + #)I 
G l(m2+2) T,(l + iy)+3(t+iy) Tm(l +Q)l. (13) 
Obviously 
3T,(l +iy) 
‘I“=(m2+2) T,(l+iy) 
is a point in the right half-plane. Therefore 
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and hence the right-hand side of (13) is majorized by 
also holds for <E [-I, 0). 
Given in E N, let A., = ,?,,Z+ := cos p/m (p = 0, 1, . . . . m). %he zeros of zkZ,~ z 
ail lie in ( - 1, 1) and are symmetrically situated with respect to the origin. 
Denoting them in decreasing order by SJi (p = 0, I j .“.) m) we easily see that 
ti!E(cos(2p+ 1)7c!2m, I@) for p=O, . . . . [(FE- hj/2] and that cm,l=6 in 
case m is even. With each tLL we associate the quantity 
using 
in conjunction with the identity 
we obtain that 
I Tn,(t,Jl = 0, (p = 0, 1, ..‘) m). 
En the next lemma we obtain a lower bound for 8, which is not sharp 
but is adequate for our purpose. 
LEMMA 5. Letm>3. Forp=l,..., f71-1 
0, > .826674248. (14) 
Proof. For each n7, eP is a decreasing function of I<,1 and so it 
is enough to prove (14j for p = 1. Simple calculation shows that 
6r = .957214044... if m = 3 whereas fI1 = .924950591... ii m = 4. So let ril> 5. 
Cleady 
z2 g 
<,<+=cosn<l--+- 
( 1 _ 4.772448 
m 277 2 24mj ’ m2 ’ 
(15, 
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Hence for m 2 5 we have m’( 1 - gf) > 8.633845604 which in turn implies 
that 
8, >/z= .826674148. 
Now we need to estimate A, - {ii from below. This is done in 
LEMMA 6. For p = 1, . . . . [(M - 1)/2] ,z’e have 
ProoJ We have 
-U,T,(~,)= [(1-x2) T~(x)-2xT,,(x)];; 
= 
s 
” {(1-.x2) T~,(x)-4x~~(x)-2T,(x)} d.x 
&I 
= 
s 
“‘ { - 3xT;,(x) - (m’ + 2) T,,(x)} dx 
:P 
= [ -3xT”,(x)];;- (m’- 1) ji” T,(x) dx 
sp 
and so 
= Ap T,(A,) - 5, sgn(T,(Q) + (m’ - 1) s 
” T,(x) dx. 
GJ 
Since IS:; T,(x) dxl <I, - <, and 0, > 4 it follows that 
(38, - 1) 5, < A{, - 5, + w - 1 )(A, - 5/J, 
which is what we wanted to prove. 
At this stage it is important to obtain a good upper bound for <:. 
LEMMA 7. Let nz 2 2. For p = 1, . . . . m - 1 
10 
+1--- 
m*+ 10 (17) 
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ProoJ We need to prove (17) only for p = 1. If in = 2, then t, = 0 and 
so (17) holds. It is a matter of simple calculation that i;f = .17056X28 < 
9!19 = 1 - lO/(m” + 10) if m = 3 whereas 2: = .403143528 < 8,‘13 = 
1 - lO/(m’ + 10) if nr= 4. Now let m 3 5. From (15) and (16 j it follows that 
E < 1 _ 4.772448 
-1 
m2 
---$30;-I& 
Since 8,3.826674148 we get 
1 - 4.772448/m= 
” < 1-t 1 .480022444/m2 
< 1 _ 6.252470444 + 9.253796588 
m= m4 
<I- 
5.882318581 
m= 
Hence 
J2<l-- 
10.38057029 10 
51’ m= 
<I-- 
m’ + 10’ 
This proves ( 17 ). As regards ( 18 j, it is a direct consequence of ( 17 Jo 
We use (18 j to obtain a crucial lower bound for 8;, depending on 6,U 
LEMMA 8. For p = 1, . ..~ [(m - 1)/2] 
ep31+,+$3;. 
Proqf: According to Taylor’s theorem 
@,=1= 
J 1 + 6,, 
:s(a,,)=e(0)+6,,8’(0)+~~:8~‘(0)+~6:0”’~0) 
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2.2. The Sign of (( 1 - x2)‘Tk(x)/(x - A,))” at a zero of tk + z 
LEMMA 9. Let 5 be a zero of T;, + 2. Then for p = 0, 1, . . . . rn 
l-t2 d’ 4(5, A,) -~ 
T,(4) ddx2 = (5 - AJ4 
4(5, t) := (5 - t){W( m2-4)(1-52)+2)(t-5)2 
-2(l-52)(~~2(1-~‘j+652j(t-~)+4~(1-~2)2}~ 
proof: It is a matter of simple calculation that 
d (1 -x’)~ T;(x) 
z i X-A, I 
((l-~~)~ T;(x)-4x(1-x’) Tm(x)) (x-jl@)-(l-~~)~ T;(x) = 
(x - 4J2 
=- (l-31,x+x2+3A,x3-2x4) T;(x)+m2( -AI,+x+;l,x2-x3) T,(x) 
(x-1,): 
and 
A(x)( 1 -x2) Tm(x) - B(x)( 1 -x2) T,,(x) = - 
(x- q4 
> 
where 
A(x) := (x - A,)3 (m2 + 3 - (m’ + 6) x2) 
- 2(x - A,)( 1 - 3/1,x + 2x2)( 1 -x2), 
B(x) := (x - A,)3 5m2x + (x - A,)’ 2m’( 1 -x2). 
At a zero 5 of z’ m+Z we have (1 - c2) Tm(5) = 2<T,,(5) and so setting 
A1(c):=3E{(m’-4)(1-52)+2}, 
A2(<) := 2( 1 - t2) {m2( 1 - 5’) (m2( 1 - t2) + 6t2), 
A3(t) := 45( 1 - (‘)2 
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we get 
Remark 1. It is important to note that for t = 0, which is one of the 
zeros of T;,, +? when I?Z is even, 
q&i, i,i = qb(O, A,) = h 2: 2 0 for p = 0, 1, .‘.) m. 
We claim that d(iP, A,,) 3 0 for p = 0, 1, . . . . m and V= 0, 1, . ..? m. T 
crucial fact is established in the next four lemmas. The proof whit 
use of Lemmas 5-8 is long and tedious. The difficulty lies in the fact that 
q5(tP, t) changes sign in ( - 1, 1) except when m is even and p = m,C?. 
LEMMA 10. The function q5( 4, t) has a zuo in (I, ;t ) ij 0 < 5 < 1. 
ProoJ: Since q5({, I) + -cc as t + + x it suffices to verify that 
diL l)>O. (119) 
As is easily seen, 
(Lq5, 1)=(1-~)3gi5), 
where 
g(t) := (nz2 - 4)t3 - 2(m2 - 2)5? - (~77~ - 2 j< + 2~2, 
and so it is enough to check that g(c) >O for 0~ < < I. Indeed, if m = 1 
then g(c) = -3t3 + 2[” + 5 + 2 > 2, whereas if m = 2, then g(t) = -44’- 
2< i 8 > 2. In case m >, 3 we get the desired conclusion by noting that 
g(-2j= -12m’+44<0, g(-1)=6>0, g(l)=2>01 g(2)= -E2<0, 
g(t)-+ 4-m as t-, +a. 
ProoJ: We have to verify that if 
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then 
We have 
L=L 5@, 5p+(30p- l)% 
( > 
= -5{m2(l-5;)-4(1+)+2} (4-12(1-Q,)+9(1-B,)2} 
--$-O,)i,(l-C;) {1n2(l-<;)+6i’;}+$5:(1-e:, 
=$;(l-e:,-St; { -4(1-9;)+2} 
+$(1-Q{; (m2(1-c;)-4(1+)+2} 
-s(l-0,)2<; {m’(l-5;)-4(1-5;)+2) 
-~(l-6’,)C,(l-~;){m2(l-<~)+6~~}. 
By Lemma 8 
i-e,< 
25: 1 16t4 25; 454 
n72(1-4:)-4m4(1-r:)‘=m’(l-~:)-n24(1-~:)2. 
Hence 
-$(l-S,,‘c; (m’(l-t;)-4(1-5;)+2) 
-{ 
25; 
m2( 1 - t;, - d( 1 - (C)2 K,,(l- t:j2 
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+{16(1-5:,)-8+ 
65; 
my1 - <;) 
(nl”(l-5t)-4~1--.;2)+2j1 
ProoJ From Lemma 10 we know that c#(<~~. t) has a zero in (1, ‘;c ). 
Besides, &tit, t) has a zero at 5, with 
Hence if p = 1, . . . . [(m - 1)/2] then, in view of Lemma 11, q5(tP, t) must 
have a zero in (SIP, <, -i- (36, - 1) t,,/m’) as well. Being a polynomial of 
degree 3 in 1’ the function d(rP, t) has no other zeros and indeed should 
be positive on [ - 1, 5,) u (5, + (30, - I) <,,/m’, 11. It follows from 
Lemma 6 that the interval [I.,, l] is contained in [<, + (3f?,, - 1) ~,/FH’- 12 
and so I$((~~. t)>O for tE[-l,(p]u[ii?, I]. This proves (20) for 
640,69’3-9 
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p = 1, . ..) [(m - 1)/2]. We can argue the same way in the case p =O; 
although Lemma 11 is not available, (19) serves the purpose. 
More generally, we have 
LEMMA 12’. (20) holds for p = 0, 1, . . . . m and v = 0, 1, . . . . m. 
ProoJ: That (20) holds for p = n2/2 when m is even was pointed out in 
Remark 1. It also holds for p = [(nz + I )/2], . . . . m since 
4(5, t)-d(-5, -t) 
and 
tp= -tmpp (p=O, 1, . ..) !?I), A,= -A.,-,, (v=O, 1, . . . . m). 
Now we are ready to prove 
LEMMA 13. Let p(x) := (1 -x’) q(x) be a polynomial of degree at most 
n such that Iq(X)l d 1 at A,,=cos(vx/(n-22)) (V =O, 1, . . . . I? -2). Then at the 
roots of z;(x) = 0 
The equality can occur only tip(x) = yz,,(x) for some constant 7, IyI = 1. 
ProoJ: Let $(x) := (1 -x2) T:,,(x), where n2 := n - 2. Then 
‘73 4(L) ti(x) 
q(-u) = “SO $‘(A,) x - A,. 
and so 
m q(A,) (1 -x2)2 T;(x) 
p(x)= 1 - 
,,=O @CL) x-1, . 
Using Lemma 9 we deduce that if < is a root of z:(x) = 0, then 
T,(5) m 4(A) 4(4,&j 
P”(S)=l-~l,,=,~‘(I,) (<-A “’ -c- 
In particular 
(21) 
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and since 7,(A,,) and $‘(A,.) = --A,, T:,,(E.,,) - $T,,,(.j;,.) are of opposite sign 
this gives 
Now (s(A,.)I < 1 by hypothesis and & 5, L,,) > 0 according to Lemma 12’, 
so comparing (21) and (22) we obtain 
where equality holds if and only if q(2,) =;!T,,,(i,j (t-=0, I, ...T m), i.e.. 
p(x) = :!r,,ix) for some constant y, 1~1 = 1. 
3. PROOF 0F TI~EOREM I 
Let p(x) := (1 - x’) q(x) be a polynomial of degree at most yi such thsb 
lq(J.,,) < 1 for I’= 0, 1, . . . . n - 2. Further, let p(s) be real for reai x. If 
pix)f + T,,(X) then by Lemma 13 there exists a constant c> 1 such that 
icp”(.yjl < l~,‘~(sjl at the zeros of t;. Since the zeros of r:, are all real and 
distinct it follows from Lemma 1 that lcp”‘(x)l < i~,‘~‘(x)i at the zeros of x-,:. 
Now Lemma 2 applied in conjunction with Lemma 4 gives 
ip’k)(e~+i~jl <fiT~~‘(l+Q)i 
for (.x,~)E C-1, ?j XR and k= 3, 4,.... 
Hence (12’) holds. In particular 
Ilp’k’ll < lz;k’il 11 for k = 3, 4, .~.. (23; 
In this latter inequality, the condition rhat p(x) is real for real x cam be 
dropped. To see this, let p(x) := ( 1 - x’) q(x) be a polynomial of degree at 
most n such that /q(&)I d 1 for v=O, 1, . . . . u-2. Let I(J+~‘// be attained at 
x, E [ - 1, 11 wherep’k’(.x,) = jlpck’lj e’“. Consider p,(x) := 
(1 -,I?) q.+(x) which is a polynomial of degree at most n such that 
lq*(%y)l < lq(A,,)l < 1 for I’ = 0, I, . . . . n - 2. Further, p,(x) is real for rca? Y 
and so by (23) 
llp~‘ll < slt;‘( 1 )I for k= 3,4, .~.~ 
But 
l/pck)ll = e-‘“p’“‘(x,) =p~)(x,) < llpc)Ij 
and therefore ( 12) holds. 
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4. AN ADDENDUM TO THEOREM 1 
Let 
-l=:JJ’o<J’l< . . . <y,:=l 
and set 
o(x) := (1 + x)“’ (1 - .x)‘Q fi (X-J?,), 
J, = 0 
where IZ~, nz are non-negative integers. Further, let 
4x1 OJX) := -, /l=O,l m, 3 ..a, 
x - I’,1 
and denote by 
"r,l<u,.2< ... <up-k, I* = 0, 1, . ..) I?1 
the zeros of w(~). Now suppose that P, is a polynomial of degree 
n := m + n, + n2 Laving the following properties: 
(i) it has zeros of multiplicities n, and n, at - 1 and 1, respectively, 
(ii) the polynomial P,,(x) := P,,(x)/( 1 + x)“’ (1 - ,Y)‘~~ has alternating 
signs at the points y,, ~‘r, .. . . ym. 
It was proved in [4, Theorem l] that if p(x) := (1 + x)~’ (1 - xj”’ $(x) is a 
polynomial of degree at most n such that 
MY,Y 6 IQ)A p=o, 1 , ‘.., m, (24) 
and p(x) is real for real x then for z lying outside the open disk with 
(U m, 11 uo.n ~ k) as diameter, we have 
Ip'k'(i)l < 1 Ptk’(Z)I ‘n. 
The statement of Theorem 1 in [4] contains a slight inaccuracy, namely, 
the hats over p and P, in (24) were inadvertently omitted. 
Applying the above result with P,,(x) := (1 -x2) T, _ Jx) and 
yp := -cos 5, p=o, 1 ) . ..) n - 2 
we obtain 
THEOREM 2. Let p(x) := (1 -x2) q(x) be a polynomial of degree at most 
n such that (11) holds. If p(x) is real for real .x then for k = 0, 1,2, . . . 
I P’k’(41 G It!,k’(41 (25) 
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for /zI >a,, uhere M, is the largest zero oj‘ 
d” (1 -.v”) r;lPz(x) 
-1 dX” 1 (1-i-Y) . 
According to a result in [3], inequality (25) does not hold at pcicts 
iwnediatel~~ to the right of -x, and at those immediately to the left of zK. 
So in Theorem 2 a, cannot be replaced by any smaller number. 
5. SOME REMARKS ON THEOREM I 
5.1. In Theorem 1 we have proved, in particular, that for k = 3, 4, . 
the conclusion of (3.1) remains true under the weaker hypothesis that 
p(x)/( 1 -,u’) is bounded by 1 only at the points x,, = cos(v~/(n - 2)): 
V= 0, 1, .~.I II - 2. This raises the question if there are n - 1 other points in 
the interval [ - 1, l] with the same property. The answer is in the negati.ve, 
Indeed if E is any closed set of points in [ - 1, 1 ] which does not include 
all the points x,, = cos(~rc/(n - 2 j) then there esists (see [ 1, p 5263; also 
see [S, Remark 3 on p. 1381) a polynomial LJ of degree n - 2 which is 
bounded by 1 in E whereas q’“‘( 1) > Tj2’JZ(I) for h-= 1, 2, ...9 n - 2. So 
p(s) := ( 1 -A?) q(x) serves as a counter example. 
5.2. It is natural to wonder if (12’) or at least (12) holds also for 
k = 2. Further, one may ask if (3.2), (3.3 j and (3.4 j hold if onlv (11) is 
satisfied. The example P(X) := (1 -x7 j q(s), where q(x) := --x5 ix + :, 
shows that (3.2) does not hold under the weaker assumption. Indeed 
Iq(cos(vn,‘2))I = 1 for v = 0, 1, 2 whereas llp’il = (9 + 19 ,6),i72 > 2 = 
/r&( 1 ii. The other parts of the question will be discussed elsewhere. 
5.3. Theorem 1 may also be stated as follows. 
THEOREM 1’. If p is a polynorniai sf degree at roost tz sat&fling (4) den 
Further, [f p(x) is real for real s, and I? := (x + iy : - 1 d x < I 3 then 
I 
max Id” ((l-z’)P(z)) d It~/$,(l+i~)l 
zEr> dzk 
jTOr J’ E R and k = 3, 4. . 
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